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Abstract 

The main cosmological models on the brane are presented. A 
generic equation is given, from which the Friedmann equations of the 
Randall-Sundrum, induced gravity, Gauss-Bonnet and the combined 
induced gravity and Gauss-Bonnet cosmological models are obtained. 
We discuss the modifications they bring to the standard cosmology 
and the main features of their inflationary dynamics. 
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1 Introduction 



The recent observation data from the Wilkinson Microwave Anisotropy Probe 
(WMAP) pp, show strong support for the standard inflationary predictions 
of a flat Universe with adiabatic density perturbations in agreement with the 
simplest class of inflationary models j2] • In particular, these observations had 
significantly narrowed the parameter space of slow-roll inflationary models. 
We are entering an area where the physics in the early universe can be probed 
by upcoming high-precision observational data. 

In light of these developments, it is important to understand further the 
inflationary scenario from the theoretical point of view and also from a more 
phenomenological approach. A new idea that was put forward is, that our 
universe lies in a three-dimensional brane within a higher-dimensional bulk 
spacetime and this idea may have important consequences to our early time 
Universe cosmology. The most successful model that incorporates this idea is 
the Randall-Sundrum model of a single brane in an AdS bulk |3]. There are 
also other brane cosmological models which give novel features compared to 
standard cosmology. These models are mainly generalizations of the Randall- 
Sundrum model. The induced gravity cosmological model [3J [3] arises when 
we add to the brane action, the generated four- dimensional scalar curvature 
term by localized matter fields on the brane. The Gauss-Bonnet cosmological 
model |HJ |Hl El UIJ| arises when we include a Gauss-Bonnet correction term 
to the five-dimensional action. Finally, if both terms are included in the 
action, the combined cosmological model [TT] describes their cosmological 
evolution. 

In this talk we will give a brief account of these models, describing the 
modifications they bring to the standard cosmology and discussing their in- 
flationary dynamics. We will follow a general way of presentation writing the 
five-dimensional action that includes a Gauss-Bonnet term in the bulk and a 
four- dimensional scalar curvature term on the brane. Then, we will derive a 
generic cubic equation in H 2 , from which taking appropriate limits of the pa- 
rameters, we will derive the Friedmann equations of the above cosmological 
models. 



1 



2 Braneworld Cosmological Models 

Consider the five-dimensional gravitational action 

S grav = 2^2 / d " x ^ { (5) # - 2A 5 + a [ {5) R 2 
- 4 ( 5 ^ B ( 5 ^ B +^ Rabcd ^R abcd ] } 
+ -^/ rf 4 x V / ^[ (4) J R-2A 4 ] , (1) 

where a is the Gauss-Bonnet coupling with dimensions (length) 2 which is 
defined by 

with g s the string energy scale. The induced-gravity is specified by the 
crossover length scale 



k? M 2 



4 



,2 



(3) 



Here, the fundamental (M 5 ) and the four-dimensional (M 4 ) Planck masses 
are given by 

K \ = 87rG 5 = Mf 3 , = 87rG 4 = M 4 " 2 . (4) 

We assume there are no sources in the bulk other than A5. We assume there 
are no sources in the bulk other than A5. Varying Eq. ((TJ) with respect to 
the bulk metric ^g A B, we obtain the field equations: 

(5) G ^_|[(5) jR 2_ 4 (5) i?cD (5) R CD 



C 



+ ^Rcbef {5) R CDEF ] { %ab 
+ 2a[^R^R AB -2®R ac ®Rb C 
- 2 ®R ACBD ^R CD + ^R ACDE WR b cde ] 
= -^ { %AB + 4 {1 ° c) TABS(y), (5) 
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where ^g A B = ^'Qab — ^aUb is the induced metric on the hypersurfaces 
{y = constant}, with n A the normal vector. The localized energy-momentum 
tensor on the brane is 

r 



WT AB = {4) T 



AB 



9ab 



(4) G 



AB 



(6) 



where A is the brane tension and we have used the normalized Dirac delta 
function, 8{y) = y^g] ^g S(y). Note that the last term in (JHJ) is due to the 
presence of the scalar curvature term on the brane. 

From the action (0), for a homogeneous and isotropic brane at fixed co- 
ordinate position y = in the bulk, we get the cubic equation in H 2 , [TT] 
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H z + — - 



H 2 + ^-^(p + \) 
a z 3 



(7) 



where $ = 0) and $ is a solution of the equation $+2a$ 2 = A 5 /6+C/a 4 
with C an integration constant, known as the 'dark' radiation term and in 
A 5 the coupling k\ has been absorbed. 

The fundamental parameters appearing in ((7|) are: three energy scales, i.e. 
the fundamental Planck mass M 5 , the induced-gravity crossover energy scale 
r _1 , and the Gauss-Bonnet coupling energy scale a _1//2 , and two vacuum 
energies, i.e. the bulk cosmological constant A 5 and the brane tension A. 
The parameters r _1 and a _1//2 are independent to each other. The crossover 
scale r of the induced gravity appears in loops involving matter particles, and 
depending on the mass, it can be arbitrarily large. On the other hand, the 
Gauss-Bonnet coupling a arises from integrating out massive string modes, 
and depending on the scale of the theory, it can also be arbitrarily large. 
From the generic cubic equation (jZJ), taking the appropriate limits of the 
above parameters, we will generate the Friedmann equations of the various 
known cosmological models. 



2.1 The Randall- Sundrum Model 

Taking the limits r — > and a — > in (J7j), we get the Friedmann equation 
of the Randall-Sundrum model O EI] 

^ 2 + 4 = |p 2 + ^ + ^V+^ + |a 2 . (8) 
cr 36 a 4 18 6 36 



3 



In the early universe p » A, and the p 2 term in (jSJ) is dominant, giving a 
high energy modification of the standard Friedmann equation. To recover 
the late time cosmology we define the four- dimensional Newton's constant as 
SttG = Kg A/6. Note that if A = we cannot recover the late time cosmology 
in this model. There is also an effective cosmological constant given by the 
last two terms of (JSJ) 

K„ = £ + %*. 0) 

Hence in principle, it is easy to have an accelerating phase in the Randall- 
Sundrum model. The second term in (JSJ) is also a new brane-effect term 
called 'dark' radiation, because it scales as a -4 . The constant C is having 
the information of the bulk and it is proportional to the mass of the black 
hole in the bulk. 

If we assume that the early accelerating phase is governed by a scalar field, 
we can set A e // of Q equal to zero. Then, the Randall- Sundrum Friedmann 
equation (JHJ) becomes 

<«•> 

Applying the inflationary formalism to this Friedmann equation it was found, 
that the p 2 term acts as friction term which damps the rolling of the scalar 
field, allowing steeper potentials O [1^1 HE] . It was also found that this 
damping effect can bring the value of the inflaton field below the Planck 
mass, giving a solution to one of the basic problems of the chaotic inflationary 
scenario 



2.2 The Induced Gravity Model 



Taking the limit a — > in (JJJ), we get the Friedmann equation of the induced 
gravity cosmological model [T7HTH1 fTT ^ ISty !2Tj 



H 2 + 



± 



k 



Kp + a) + 



V3r 



AkKp + A) - 2A 5 + — 



12 12C 



1/2 



(11) 



Because of the square root, in the early universe the linear term is dominant 
and therefore the induced gravity model in the high energy limit gives a 
correction to standard Friedmann equation, while at late times there are 
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significant modifications to the Friedmann equation, and in the limit a — > 
oo a linearization of gives again the conventional cosmology with an 
effective cosmological constant 

A eff = «IA + ^ ± ^ v /(2^A-A 5 )r2 + 6 . (12) 

The cosmological evolution described by the induced gravity model is a 
four dimensional evolution at high energies/early times followed by a five- 
dimensional and at low energies/late times again four- dimensional evolution 
|2U| . Applying the slow- roll inflationary formalism [2*2*1 12S1 EH E3 setting 
A. e ff of (fi"2~j) equal to zero and redefining the high energy four-dimensional 
Newton's constant k\ = Kpi anck / fi, where \i is a small number, it was found a 
better agreement of the chaotic inflationary scenario with observational data, 
with the value of the inflaton field well below the Planck mass |22j . 



2.3 The Gauss-Bonnet Model 



Taking the limit r — > in (JJJ), we get the Friedmann equation of the Gauss- 
Bonnet cosmological model [""J |H] 



rr2 k 1 

H + - = ir 

a z oa 



64/ 2 

■ 2 + — + J 



(13) 



where the dimensionless quantities J, J are given by 



1 + 4a$ r 



±- 



' 4 . 8aC 
1 + -aA 5 + — 



1/2 



J 



^(P + A) + ^(P + A) 2 + (8J)3 



2/3 



(14) 
(15) 



The Gauss-Bonnet cosmological model like the Randall- Sundrum model gives 
modifications to the standard cosmology in the early universe. In the high 
energy limit of (fT3*|l the dominant contribution to the Friedmann equation 
is proportional to p 2//3 . The Friedmann equation ff 13") can be written in a 
simpler form 



H -T- 

4a 



&V3 



coshl 1 

V 3 



(16) 
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where x is defined by 

o — ( — j)sinhx, (17) 

and b is a constant. Applying the inflationary dynamics to the Friedmann 
equation (|16jh it was found that if the inflation is driven by an exponential 
inflaton field, the Gauss-Bonnet term allows the inflationary parameters to 
take values closer to the recent observational data [26J and generally the 
presence of the Gauss-Bonnet term softens the Randall-Sundrum constraints 
on steep inflation [2*7] 12%]. 



2.4 The Combined Model 



If both r and a are non-zero, the single real solution of the cubic equation (J7|) 
which is compatible with the previously considered limits, gives the Fried- 
mann equation of the combined cosmological model having both the induced 
and Gauss-Bonnet terms [TT] 



cr 



k 4-3/? 



3/3a 



12pa 

x/P 2 - 6Q cos (6 ± | 



where 



P 
Q 



1 + 3(31, 



4 + / + 



(P + A) 



e(p,Q) = 

and the constant (3 is given by 



- arccos 
3 



2P 3 + 27Q 2 - 18PQ 



2(P 2 - 6Q) 



3/2 



/3 



256a 
9r 2 



(18) 

(19) 
(20) 

(21) 
(22) 



All the solutions of the combined cosmological model are of finite density, 
independently of the spatial curvature of the universe and the equation of 
state. As we discussed, the Gauss-Bonnet model on its own dominates at 
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early times and does not remove the infinite-density singularity, while the in- 
duced gravity model on its own mostly affects the late-time evolution. How- 
ever, the combination of these terms produces an "interaction" that is not 
obviously the superposition of their separate effects. In general terms, the 
early-universe behaviour is strongly modified by the effective coupling of the 
5D curvature to the matter. The late cosmological evolution of the combined 
model follows the standard cosmology, even for zero brane tension, with a 
positive Newton constant for one of the two branches of the solutions and 
positive cosmological constant. 

It was showed in ^T] that a radiation brane can, for some parameter 
values, undergo accelerated expansion at and near the minimal scale factor, 
independently of the spatial curvature of the universe. When there is a black 
hole in the bulk, a subset of these solutions has infinite acceleration at ao, 
which signals the "birth" of an accelerated universe at finite energy, but with 
a curvature singularity. 

The Friedmann equation (fTHj) can be rewritten in a more familial form 

r2 k _ 64(4 - 3(3) 16^ 
a 2 27/3V 2 9/3r 

x fw> + A) + f/SA. + (l - p + 1^ + p| (23) 

where £ = cos(B ± |), and its detailed early inflationary dynamics is under 
investigation [25] , 

3 Conclusions 

We have presented the main cosmological models on the brane and discussed 
their inflationary dynamics. All of them are giving modifications to the 
standard Friedmann equation, mostly in the high energy/early time regime. 
The terms that modify the standard Friedmann equation reflect the fact, 
that these models are defined in more that four dimensions and therefore 
any agreement with future observational data will give not only information 
on the early cosmological evolution of our universe, but also information on 
the structure of spacetime. 

So far there is no any evidence that these models describe correctly the 
early time cosmological evolution and all recent astronomical, astrophysical 
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and cosmological data can be described, to large extent, within the general 
relativity theory. Nevertheless, pursuing these theoretical ideas may help us 
to understand better the recent and future observational data, detect possible 
inconsistences and hopefully find some agreement between observational data 
and theoretical predictions. 
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